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BIRATIONAL MODELS OF DEL PEZZO FIBRATIONS
MIKHAIL GRINENKO
1. Preliminaries.
Given an algebrai variety X , we an naturally attah some objets,
e.g., its field of funtions k(X), the essential objet in birational ge-
ometry. So, assuming lassifiation to be one of the most important
problems in algebrai geometry, we may be asked to desribe all alge-
brai varieties with the same field of funtions, i.e., that are birationally
isomorphi to X . Of ourse, "all" is a too huge lass, and usually we
are restrited by projetive and normal varieties (though non-proper
or non-normal ases may naturally arise in some questions). Typially
there are two main tasks:
A. Given a variety V , one need to determine whether it is bira-
tional to another variety W .
B. V andW are birational to eah other, and one need to get a de-
omposition of a birational map between them into "elementary
links", i.e., birational maps that are simple enough.
The rationality problem is an essential example of task A. Reall that
a variety is said to be rational if it is birational to Pn (or, whih is the
same, its field of funtions is k(x1, . . . , xn)). As to task B, examples will
be given below, let us only note that varieties joined by "elementary
links" should belong to a more or less restritive ategory (otherwise
the task beomes meaningless), and suh a ategory have to meet the
following requirement: any variety an be birationally transformed to
one lying in it. Minimal models and Mori fibrations in dimension 3
give examples of suh ategories. Then, it often happens that the
indiated ategory, in its turn, is also too large so as to be onvenient,
and we outline a subategory of "good models" (e.g., relatively minimal
surfaes). Here "good" means a lass of varieties that are simple enough
for desribing, handling, lassifying, and so on. Now let us look what
we have in the first three dimensions.
1.1. Curves. Normal algebrai urves are exatly smooth ones. It is
well known that a birational map between projetive smooth urves is
an isomorphism, so the birational and biregular lassifiations oinide
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in dimension 1. Projetive spaes have no moduli, so P1 is a unique
representative of rational urves.
1.2. Surfaes. It is very well known that any birational map between
smooth surfaes an be deomposed into a hain of blow-ups of points
and ontrations of (−1)-urves without loss of the smoothness of in-
termediate varieties. Now it is lear that we an suessively ontrat
(in any order) all (−1)-urves and get the so-alled (relatively) minimal
model (i.e., nothing to ontrat). So it is very onvenient to use mini-
mal models as the lass of "good" models and the indiated blow-ups
and ontrations as elementary links. As to the rationality problem,
the famous theorem of Castelnuovo says that a smooth surfae X is
rational if and only if H1(X,OX) = H0(X, 2KX) = 0. This is one of
the most outstanding ahievements of the lassial algebrai geometry.
Summarizing results in dimensions 1 and 2, we an formulate the
rationality riterion as follows: X is rational if and only if all essential
differential-geometri invariants, i.e., H0 (X, (ΩpX)
⊗m), vanish.
1.3. Threefolds. As soon as we get to dimension 3, the situation be-
omes muh harder. Now it isn't obvious at all what is "a good model".
We may proeed with the way as in dimension 2, i.e., ontrating every-
thing that an be ontrated. This is the viewpoint of Mori's theory.
But then starting from a smooth variety, we may loose smoothness
very quikly and even get a "very bad" variety with two Weil divisors
interseting by a point (this is the ase of "a small ontration", i.e.,
birational morphism whih is an isomorphism in odimension 1).
Nevertheless, Mori's theory states that there is the smallest ategory
of varieties whih is stable under divisorial ontrations and flips (the
last is exatly a tool whih allows to "orret" small ontrations).
In what follows we shall not need details of this theory, the reader
an find them in many monographs (e.g., [21℄). We only point that
X belongs the Mori ategory if it is a projetive normal variety with
at most Q-fatorial terminal singularities. It means that every Weil
divisor is Q-Cartier, i.e., it beomes Cartier as soon as we take it with
some multipliity, and for every resolution of singularities ϕ : Y → X
we have
KY = ϕ
∗(KX) +
∑
aiEi,
where all disrepanies ai are positive rational numbers, Ei exeptional
divisors, and "=" means "equal as Q-divisors", i.e., multiplying by a
suitable integer number, we get the linear equivaleny. In partiular,
there exists the intersetion theory on suh varieties, whih is very
similar to the usual one, the differene is mostly that we must involve
rational numbers as intersetion indies.
The Mori ategory has some nie properties. In partiular, the Ko-
daira dimension is a birational invariant under maps in this ategory.
We reall that the Kodaira dimension kod(X) is the largest dimension
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of images under (rational) maps defined by linear systems |mKX |. We
are mostly interested in studying varieties of negative Kodaira dimen-
sion, i.e., when H0(X,mKX) = 0 for allm > 0, beause their birational
geometry is very non-trivial.
From now on, we will only onsider varieties of negative Kodaira
dimension. So, what are "minimal models" in the Mori theory for suh
varieties? These are so-alled Mori fiber spaes. By definition, a triple
µ : X → S is a Mori fiber spae if X is projetive, Q-fatorial and
terminal, S is a projetive normal variety with dimS < dimX , and
µ is an extremal ontration of fibering type, i.e., the relative Pikard
number ρ(X/S) = rkPic(X) − rkPic(S) is equal to 1 and (−KX) is
µ-ample.
In dimension 3 (the highest dimension where the Mori theory has
been proved) we have three possible types of Mori fiber spaes (or,
briefly, Mori fibrations) µ : X → S:
1) Q-Fano, if dimS = 0 (i.e., S is a point);
2) del Pezzo fibration, if dimS = 1 (the fiber over the generi
point of S is a del Pezzo surfae of the orresponding degree);
3) oni bundle, if dimS = 2 (the fiber over the generi point of
S is a plane oni).
In what follows, we often denote a Mori fibration ρ : V → S as V/S
or even simply V , if it is lear whih struture morphisms and bases
are meant.
Fatorization of birational maps between Mori fibrations is given
by the Sarkisov program (it is proved in dimension 3, see [6℄). The
essential assertion of this program is the following. Suppose we have
two Mori fibrations V/S and U/T and a birational map
V
χ
99K U
↓ ↓
S T
Then there exists a finite hain of birational maps
X0
χ1
99K X1
χ2
99K X2
χ3
99K · · ·
χN−1
99K XN−1
χN
99K XN
↓ ↓ ↓ ↓ ↓
S0 S1 S2 SN−1 SN
where X0/S0, X1/S1, . . . , XN/SN are Mori fibrations, X0/S0 = V/S,
XN/SN = U/T , suh that χ = χN ◦ χN−1 ◦ . . . ◦ χ2 ◦ χ1 and any of χi
belongs to one of the four types of elementary links listed below (see
figure 1). In all ases X1/S1 and X2/S2 are Mori fibrations, ψ is an
isomorphism in odimension 1 (atually, a sequene of log-flips). Then,
in the ase of type I, µ denotes a morphism with onneted fibers, γ
is an extremal divisorial ontration. Note that ρ(S1/S0) = 1. In the
ase of type II, γ1 and γ2 are extremal divisorial ontrations, µ is a
birational map. Type III is inverse to type I. Finally, δ1 and δ2 in type
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IV mean morphisms with onneted fibers, T is a normal variety, and
ρ(S0/T ) = ρ(S1/T ) = 1.
S1
X1
U X2
S2
ρ1
ρ2
ψ
γ
µ
U γ
µ
X1
S1
X2
S2
ψ
ρ1
ρ2
X1
S1
T
S2
X2
ψ
ρ1 ρ2
δ1 δ2
S1
X1
U1 U2
X2
S2
ρ1 ρ2
γ 1 γ 2
ψ
µ
type I type II
type III type IV
Figure 1.
Let us note that in dimension 2 Mori fibrations are exatly relatively
minimal non-singular surfaes over points or urves, isomorphisms in
odimension 1 are atually biregular, and extremal divisorial ontra-
tions are blow-downs of (−1)-urves. So all elementary links are very
simple. As to dimension 3, the links desription just given is at bot-
tom all we know, so up to now the Sarkisov program mostly plays a
theoretial role.
The rationality problem for three-dimensional varieties also beomes
enormously hard. During a long time, many mathematiians believed
that it should be possible to find a rationality riterion more or less
simple as in lower dimensions. But nearly simultaneously, in early
70th, three outstanding works of different authors whih gave exam-
ples of unirational but non-rational varieties, appeared. These were
Iskovskikh and Manin ([17℄), Clemens and Griffiths ([4℄), and Artin
and Mumford ([2℄). Reall that an algebrai variety is said to be uni-
rational if there exists a rational map from projetive spae whih is
finite at the generi point. The matter is that all essential differential-
geometri invariants vanish on unirational varieties as well, so we an
not even hope to find something like the rationality riterion for urves
and surfaes, ombining these invariants. The reader may find an ex-
ellent survey of the rationality problem in higher dimensions in [15℄.
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Nevertheless, during the last 10 years, a onsiderable progress in the
birational lassifiation problem in all dimension has been ahieved,
mostly due to the oneption of birationally rigid varieties first for-
mulated by A.V.Pukhlikov. The original version of the notion of bi-
rational rigidity is losely related to some tehnial features of the
maximal singularities method (omparing of the anonial adjuntion
thresholds and all that), and still in ative use. Another version arised
from the Mori fibrations theory. They are not idential but oinside
in many ases. In this paper we use the seond one sine it is more
understandable.
So, first we introdue the following useful notion:
Definition 1.1. We say that Mori fibrations V/S and U/T (dimS =
dimT > 0) has the same Mori struture, if there exist birational maps
χ : V 99K U and ψ : S 99K T that make the following diagram to be
ommutative:
V
χ
99K U
↓ ↓
S
ψ
99K T
In Q-Fano ases (dimS = dim T = 0) we say that V and U has the
same Mori struture if they are biregular to eah other; in other words,
for any birational map χ : V 99K U there exists a birational self-map
µ ∈ Bir(V ) suh that the omposition χ ◦ µ is an isomorphism.
In the sequel we will often use words "to be birational over the base"
instead of "to have the same Mori struture".
Now, sine it is known that any threefold X an be birationally
mapped onto a Mori fibration, one an formulate the lassifiation
task as follows: to desribe all Mori fibrations that are birational to X
and not birational over the base to eah other (i.e., have different Mori
strutures). Clearly, varieties X and Y are birationally isomorphi, if
and only if they have the same set of Mori strutures. By the way, note
that only links of type II join Mori fibrations with the same struture.
In the following ases the lassifiation beomes espeially easy:
Definition 1.2. A Mori fibration V/S is said to be birationally rigid
if it has a unique Mori struture (i.e., any U/T that is birational to V ,
is birational over the base).
Here are some examples of (birationally) rigid and non-rigid varieties.
But first let me note that any rigid variety is not rational. Indeed,
P3 is birational to P1 × P2, so we have at least three different Mori
strutures: Q-Fano (P3 itself), del Pezzo fibration P1 × P2 → P1, and
oni bundle P1× P2 → P2. The simplest example of birationally rigid
Q-Fano is a smooth quarti 3-fold in P4, this is nothing but the result
of Iskovskikh and Manin ([17℄). Note that they proved even more: any
birational automorphism of a smooth quarti is atually biregular (and
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in general ase, there are no non-trivial automorphisms at all). As to
oni bundles, there exists the following result of Sarkisov ([30℄, [31℄):
any standard oni bundle V → S over a smooth rational surfae S
with the disriminant urve C is rigid if the linear system |4KS +C| is
not empty (i.e., V/S has enough degenerations). Say, if S is a plane,
it is enough for C to have degree 12 or higher. Then, a smooth ubi
3-fold in P4 gives us an example of non-rigid oni bundles. Indeed,
the projetion from a line lying on suh a ubi, realizes it as a oni
bundle over a plane with a quinti as the disriminant urve.
Non-singular rigid and non-rigid del Pezzo fibrations will be de-
sribed in the main part of the paper. Almost all results were obtained
using the maximal singularities method ([17℄, [25℄). Here we shall not
give any proves, the reader an find them in [9℄[12℄.
Let me onlude this setion with a little remark. Minimal models or
Mori fiber spaes are not onvenient models all the way. In many ases,
there are more preferable lasses of varieties. For examples, sometimes
it is useful to onsider Gorenstein terminal varieties with numerially
effetive antianonial divisors ([1℄, [7℄). In other words, we have to
selet eah time.
2. The rigidity problem for del Pezzo fibrations.
Let ρ : V → S be a Mori fibration over, S a smooth urve, η the
generi point of S, and Vη the fiber over the generi point. So Vη is a
non-singular del Pezzo surfae of degree d = (−KVη)
2
over the field of
funtions of S. Moreover, this is a minimal surfae sine ρ(V/S) = 1,
so
Pic(Vη)⊗Q = Q[−KVη ].
Suppose we have another Mori fibration U/T and a birational map
V
χ
99K U
↓ ↓
S T
We would like to know as muh as possible about this situation; in
partiular, whether χ is birational over the base or not.
In first turn, we an assume S to be rational. Indeed, suppose S
is a non-rational urve. Then U an not be a Q-Fano threefold. The
simplest reason is that the Pikard group of V or any its resolution of
singularities must ontain a ontinuous part arising from S, whih is
impossible for any birational model of U (inluding U itself). Or, we
an use the fat that U is rationally onneted (see [22℄), whih is not
true for V : there are no rational urves lying aross the fibers of V/S
(i.e., overing S).
Thus, U/T is either a del Pezzo fibration or a oni bundle. Anyway,
the fibers of U/T are overed by rational urves. Again, images of these
urves on V an not over S and hene lie in the fibers of V/S. So
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there exists a rational map from T to S, whih is atually a morphism
sine the urve S is smooth, and we have the following ommutative
diagram:
V
χ
99K U
↓ ↓
S
ψ
←− T
Denote ζ the generi point of T and Uζ the fiber over the generi point.
Assuming U/T to be a del Pezzo fibration and taking into aount that
χ is birational, we see easily that ψ is an isomorphism, so it is possible
to identify η and ζ . Thus, χ indue the birational map χη between
two del Pezzo surfaes over η. Now suppose U/T is a oni bundle.
Note that we may assume χ to be a link of type I. The omposition
U → T → S represents U as a fibration over S, so we an define the
fiber Uη over the generi point η. It is lear that Uη is a non-singular
surfae fibered on onis with Pic(Uη) ≃ Z ⊕ Z (see the onstrution
of the link). Moreover, we may assume Uη to be minimal. Indeed,
ρ(Uη/Tη) = 1, so there are no (−1)-urves in the fibers of Uη → Tη.
Hene any (−1)-urve on Uη has to be a setion (whih means that,
birationally, U → T is a P1-bundle over T ). Then simply ontrat any
of the (−1)-urves, and you obviously get a minimal del Pezzo surfae,
i.e., the previous ase. So, anyway, we have a birational map
χη : Vη 99K Uη
between two non-singular minimal surfaes defined over the field of
funtions of S, and Uη is either a del Pezzo surfae or a oni bundle.
This situation was ompletely studied in V.A.Iskovskikh's paper [16℄,
theorem 2.6. In partiular, if Vη is a del Pezzo surfae of small degree
(d ≤ 3), then Uη is always a del Pezzo surfae that is isomorphi to Vη,
and χη is either an isomorphism if d = 1, or a omposition of Bertini
and/or Geiser involutions if d = 2, 3.
Thus, in what follows we assume S = P1. Note that the field of
funtions C(S) of S is the so-alled C1 field, and from [5℄ it follows
that Vη always has a point over C(S) (i.e., V → S has a setion). By
the way, Vη has a Zariski dense subset of suh points ([22℄). Yu.I.Manin
proved ([23℄) that del Pezzo surfaes of degree 5 or greater with a point
over a perfet field are always rational over the field itself. This is
exatly our ase. So if d ≥ 5, Vη is rational over C(S) = C(P1), hene
V is rational over C. Thus, V is birational to P3; in partiular, V/S is
always non-rigid. Now suppose d = 4. Then we an blow up a setion
of V → S and, after some log flips in the fibers, get a struture of oni
bundle (or, simply, blow up a point on Vη, as in theorem 2.6 of [16℄).
Thus, the ase d = 4 is non-rigid too.
So we see that, from the viewpoint of the rigidity problem, the only
ases S = P1, d ≤ 3, are interesting. The ases of degree 1 and 2 will
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be desribed in details in the rest of the paper. Here we only outline
some results in the ase d = 3, whih is least studied.
Theorem 2.1 ([27℄). Let V/P1 be a non-singular Mori fibration on
ubi surfaes with the simplest degenerations (the last means that all
singular fibers have at most one ordinary double point). If 1-yles
N(−KV )2 − f are non-effetive for all N > 0, where f is the lass of
a line in a fiber, then V/P1 is birationally rigid.
The indiated ondition on 1-yles (the so-alled K2-ondition) is
also suffiient for degree 1 and 2 (without assumptions on degenera-
tions) but not neessary (see examples in [9℄). The requirement on
degenerations arised from the tehnial reasons and, most probably,
an be omitted. The simplest examples of non-rigid fibrations on ubi
surfaes are the following.
Example 2.2 (Quartis with a plane). Let X ∈ P4 be a quarti three-
fold ontaining a plane. It is easy to see that, in general ase, suh a
quarti ontains exatly 9 ordinary double points lying on the plane.
Note that X is a Fano but not a Q-Fano variety (i.e., not in the Mori
ategory). Indeed, hyperplane setions through the plane ut off resid-
ual ubi surfaes that interset by these 9 singular points, whih is
impossible for Q-fatorial varieties. In fat, the plane and any of these
residual ubis generates the Weil divisors group of X . Now blow up
the plane as a subvariety in P4, and let V be the strit transform of
X . Then V is nothing but a Mori fibration on ubi surfaes over P1,
and the birational morphism V → X is a small resolution with 9 lines
lying over the singular points of X . It is easy to hek that we an pro-
due a flop simultaneously at these 9 lines, ant then ontrat the strit
transform of the plane, whih is P2 with the normal bundle isomorphi
to O(−2). We get a Q-Fano variety U , whih has the Fano index 1
and a singular point of index 2. This U is the omplete intersetion
of two weighted ubi hypersurfaes in P(1, 1, 1, 1, 1, 2). The desribed
transformation V/P1 99K U is nothing but a link of type 3 (ψ is the
flop, γ is the ontration of P2, see figure 1). Conjeturally, V/P1 and
U represent all Mori strutures of X .
Example 2.3 (Cubi threefolds). Let V ∈ P4 be a smooth ubi hyper-
surfae. It is well known that V is non-rational ([4℄). Nevertheless, V
is very far from rigid varieties. Indeed, the projetion from any line on
V gives us a oni bundle over P2 with the disriminant urve of degree
5. Then, V is birational to a non-singular Fano variety of index 1 and
degree 14, whih is a setion of G(1, 5) ⊂ P14 by a linear subspae of
odimension 5. Finally, blow up any plane ubi urve on V , and you
get a struture of fibration on ubi surfaes. So, V has all possible
types of Mori strutures in dimension 3 (i.e., Q-Fano, oni bundle, del
Pezzo fibration).
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Example 2.4 (Hypersurfaes of bidegree (m, 3) in P1 × P3). Let V =
Vm ⊂ P1 × P3 be a non-singular hypersurfae of bidegree (m, 3). From
the Lefshetz hyperplane setions theorem it follows that Pic(V ) ≃
Z[−KV ] ⊕ Z[F ], where F is the lass of a fiber, so V/P1 is a Mori
fibration on ubi surfaes by means of the projetion P1 × P3 → P1.
Consider the seond natural projetion pi : P1 × P3 → P3. If m = 1
then, learly, pi|V gives us a birational map V 99K P3, so V is rational
(and, thus, non-rigid) in this ase. If m ≥ 3, then for general V the
onditions of theorem 2.1 are satisfied, so V/P1 is rigid. We onsider
the most interesting ase m = 2. First, by the result of Bardelli [3℄,
general Vm's are non-rational if m ≥ 2. Now we show that V = V2 is
non-rigid. Note that a general V/P1 has exatly 27 setions that are
fibers of the projetion pi. On the other hand, let t be any other fiber of
pi, then t intersets V at 2 points (not neessary different), and we an
transpose these points. Thus, outside of the 27 setions, there exists
an involution τ , so we have a birational self-map τ ∈ Bir(V ). On the
other hand, we an simultaneously produe a flop χ entered at the
indiated setions and get another Mori fibration U/P1, whih is also
a hypersurfae of bidegree (2, 3) in P1×P3. This χ is a link of type IV.
Note that dim |3(−KV )− F | = 1, this penil has no base omponents,
and the strit transforms of its elements beome the fibers of U/P1.
The same is true for the orresponding penil on U . It only remains to
notie that τ maps the penil |F | to |3(−KV )−F |, so we an onsider
χ as the Sarkisov resolution of τ . In [32℄ it was shown that general V2
have only these two Mori struture.
We onlude this setion with some remarks. First, in all non-rigid
ases, it is easy to hek that the linear systems |n(−KV )−F | are non-
empty and free from base omponents. In [9℄ the following onjeture
was formulated:
Conjeture 2.5. Suppose V/P1 is a non-singular Mori fibration on
del Pezzo surfaes of degree 1,2, or 3. Then V/P1 is birationally rigid,
if and only if the linear systems |n(−KV )−F | are either empty or not
free from base omponents for all n > 0.
This onjeture was ompletely proved for degree 1 ([9℄) and, under
some onditions of generality for several rigid ases, for degree 2 ([9℄
and [10℄). Moreover, for all ases that are known to be rigid or non-
rigid, the statement of the onjeture holds. Finally, it does work in
one diretion even for a general Mori fibration on del Pezzo surfaes of
degree 1:
Theorem 2.6 ([11℄, theorem 3.3). If a Mori fibration V/P1 on del
Pezzo surfaes of degree 1 is birationally rigid, then for all n > 0 the
linear systems |n(−KV ) − F | are either empty or not free from base
omponents.
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3. Projetive models of del Pezzo fibrations
In this setion we onstrut some simple projetive models for non-
singular (atually, for Gorenstein) fibrations on del Pezzo surfaes of
degree 1 and 2. But first let me reall the simplest projetive (and
weighted projetive) models of del Pezzo surfaes of degree 1 and 2.
3.1. Models of del Pezzo surfaes of degree 1 and 2. Consider
first the degree 1. So, let X be a non-singular del Pezzo surfae of
degree d = K2X = 1. It is easy to see that a general member of the
linear system | − KX | is non-singular, all its elements are irreduible
and redued urves of genus 1, and | −KX | has a unique base point P .
Choose a non-singular urve C ∈ | −KX |. Using the exat sequene
0 −→ OX (−(i− 1)KX) −→ OX (−iKX) −→ OC(−iKX) −→ 0
and the Kodaira vanishing theorem, we see that
H0 (X,−iKX) −→ H
0 (C, (−iKX)|C) −→ 0
are exat for all i ≥ 0. So we have a surjetive map of the graded
algebras
AX =
⊕
i≥0
H0 (X,−iKX) −→ AC =
⊕
i≥0
H0 (C, (−iKX)|C)
whih preserves the graduation. Clearly, AC is generated by elements
of degree r ≤ 3 (note that deg(−3KX)|C = 3, i.e., (−3KX)|C is very
ample), so AX is generated by elements of degree not higher than 3,
too. Taking into aount that
h0(X,−KX) = 2, h0(X,−2KX) = 4, h0(X,−3KX) = 7,
we an write down the generators as follows:
H0(X,−KX) = C < x, y >,
H0(X,−2KX) = C < x2, xy, y2, z >,
H0(X,−3KX) = C < x3, x2y, xy2, y3, zx, zy, w >,
where we agree for x and y to be elements of weight 1, z of weight 2,
and w of weight 3. Thus the homogeneous omponents of the graded
algebra AX are generated by monomials xiyjzkwl of the orresponding
degree. Now it is lear that X an be embedded as a surfae in the
weighted projetive spae P(1, 1, 2, 3):
X = Proj AX = Proj C[x, y, z, w]/IX ⊂= P(1, 1, 2, 3),
where IX is a prinipal ideal generated by a homogeneous element
of degree 6. Indeed, h0(X,−6KX) = 22, but the dimension of the
homogeneous omponent of C[x, y, z, w] of degree 6 is equal to 23, so
there exists exatly one linear relation in it. This relation is nothing but
an equation of X . It only remains to notie that X neessarily avoids
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singular points of P(1, 1, 2, 3), whene we an put down the equation
of X as follows (strething the oordinates if needed):
X = {w2 + z3 + zf4(x, y) + f6(x, y) = 0} ⊂ P(1, 1, 2, 3),
where fi are homogeneous polynomials of the orresponding degree.
It was the way to embed X into a very well-known threefold as a
surfae. However, there is another useful model of X . Let
P(1, 1, 2, 3) 99K P(1, 1, 2)
be a (weighted) projetion from the point (0 : 0 : 0 : 1). This point does
not lie on X , and as it follows from the equation of X , the restrition
of the projetion on X gives us a morphism of degree 2
ϕ : X → P(1, 1, 2).
We an naturally identify P(1, 1, 2) with a non-degenerated quadrati
one Q ⊂ P3. The base point of | − KX | lies exatly over the vertex
of the one. The ramifiation divisor of ϕ is defined by an equation of
degree 3 in Q = P(1, 1, 2). We an also desribe this piture as follows:
| − 2KX | has no base points and defines a morphism, whih is exatly
our ϕ. Thus, we an obtain X as a double over of a quadrati one in
P3 branhed along a non-singular ubi setion that does not ontain
the vertex of the one.
Now let us turn bak to a non-singular Mori fibration V/P1 on del
Pezzo surfaes of degree 1. Clearly, a general fiber of V is smooth. But
what if V/P1 has degenerations? Moreover, as we will see later, it must
have degenerations by the relative Pikard number arguments. So sup-
pose X be a singular fiber of V . Then we an see that X is a projetive
Gorenstein (i.e., the dualizing sheaf is invertible, as it follows from the
adjuntion formula) Cohen-Maaulay irreduible redued (sine V is
non-singular) 2-dimensional sheme, KX is anti-ample and K
2
X = 1.
First suppose X is normal. The situation was ompletely studied in
[14℄, and I an simply refer the reader to it. But in order to deal with
projetive models of X , we only need the fat that | − KX | ontains
a non-singular ellipti urve ([14℄, proposition 4.2), and then one an
repeat arguments of the non-singular ase word by word. So X an be
defined by a homogeneous equation of degree 6 in P(1, 1, 2, 3) (and as
before, X avoids singular points of the weighted projetive spae sine
they are non-Gorenstein), or as a double over of a quadrati one in
P3, branhed along a (now singular) ubi setion not passing through
the vertex of the one. As to this ubi setion, it may be reduible,
but all its omponents must be redued. It only remains to add that
the base point of |−KX | is always non-singular, and X has either only
Du Val singularities, or a minimally ellipti singular point (in loal
oordinates defined by r2 + p3 + q6 = 0).
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The non-normal ase is muh harder. Nevertheless, in [28℄ it was
shown that the projetive properties of the antianonial linear sys-
tems on X are the same as in the non-singular ase. In partiular,
the base point of | − KX | is non-singular, X an be embedded into
P(1, 1, 2, 3) exatly in the same way, or twie over a quadrati one.
The unique differene is that the ubi setion has to ontain a non-
redued omponent.
We will summarize all needed results onerning to the ase d = 1
a bit later, now let us onsider del Pezzo surfaes of degree 2. This
ase is fairly similar to the previous one, so we only outline the key
points. Consider a non-singular del Pezzo surfae X , K2X = 2. Then
| −KX | is base points free and ontains a non-singular element C. As
before, we have a surjetive map AX → AC , but now these algebras
are generated by elements of degree not higher than 2. We see that
h0(X,−KX) = 3 and h0(X,−2KX) = 7, so suppose
H0 (X,−KX) = C < x, y, z >,
H0 (X,−2KX) = C < x2, y2, z2, xy, xz, yz, w >,
where x, y, and z are of weight 1, w is of weight 2. Then,
X = Proj AX = Proj C[x, y, z, w]/IX ⊂ P(1, 1, 1, 2),
the prinipal ideal IX is generated by a homogeneous element of degree
4: indeed, h0(X,−4KX) = 21, but the dimension of the homogeneous
omponent of C[x, y, z, w] of degree 4 is equal to 22. Sine X avoids
the singular point of P(1, 1, 1, 2), we get the following equation of X :
X = {w2 + f4(x, y, z) = 0} ⊂ P(1, 1, 1, 2),
where f4 is a homogeneous polynomial of degree 4. The projetion
P(1, 1, 1, 2) 99K P(1, 1, 1) = P2 from the point (0 : 0 : 0 : 1), being
restrited toX , gives a double over of P2 branhed over a non-singular
quarti urve. This morphism an be also defined by the linear system
| −KX |.
Projetive models of singular (normal and non-normal) Gorenstein
del Pezzo surfaes of degree 2 have the same onstrution as in the non-
singular ase: they are defined by a quarti equation in P(1, 1, 1, 2) and
do not ontain the point (0 : 0 : 0 : 1). Or, we an onstrut them
as double overings of P2 branhed over quarti plane urves, but now
these quartis have singular points and/or non-redued omponents
([14℄, [28℄). Briefly speaking, the situation is the same as in the ase
d = 1. In partiular, normal surfaes of this type may have either only
Du Val singularities, or a unique minimally ellipti singularity loally
defined by an equation r2 + p4 + q4 = 0.
We summarize the results about projetive models of del Pezzo sur-
faes of degree 1 and 2 as follows:
Proposition 3.1. Let X be a projetive Gorenstein irreduible re-
dued del Pezzo surfae of degree 1 or 2.
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Then, in the ase of degree 1, |−KX | has a unique base point, whih
is non-singular on X, |−2KX| is base points free, and |−3KX | is very
ample and embeds X into P6 as a surfae of degree 9. The suitable
hoie of the oordinates [x, y, z, w] of weights (1, 1, 2, 3) in P(1, 1, 2, 3)
allows to define X by an equation of degree 6:
w2 + z3 + zf4(x, y) + f6(x, y) = 0,
where fi are homogeneous polynomials of degree i. | − 2KX | defines a
finite morphism ϕ of degree 2:
ϕ : X
2:1
−→
RQ
Q ⊂ P3,
where Q is a non-degenerated quadrati one, RQ = R|Q is the ramifi-
ation divisor, R ⊂ P3 is a ubi that does not pass through the vertex
of Q.
In the ase of degree 2, | − KX | is base points free, | − 2KX | is
very ample and embeds X into P6 as a surfae of degree 8. X an be
defined as a surfae by an equation of degree 4:
w2 + f4(x, y, z) = 0,
where f4 is homogeneous of degree 4, [x, y, z, w] are the oordinates
of weights (1, 1, 1, 2) in P(1, 1, 1, 2). Finally, | − KX | defines a finite
morphism of degree 2
ϕ : X
2:1
−→
R
P2,
where R is the ramifiation urve, deg
P2
R = 4.
Now it is lear that models of fibrations on del Pezzo surfaes over
P1 an be obtained as the relative version of the onstrutions just
introdued.
3.2. Models of fibrations on del Pezzo surfaes of degree 1. Let
ρ : V → P1 be a non-singular fibration on del Pezzo surfaes of degree
1. Consider a sheaf of graded OP1-algebras
AV =
⊕
i≥0
ρ∗OV (−iKV ).
Sine (−KV ) is ρ-ample (i.e., on eah fiber its restrition gives anti-
anonial divisor, whih is ample by the assumption), then learly
V = Proj
P1
AV .
Comparing the situation with proposition 3.1, we see that there exist
an algebra OP1 [x, y, z, w] of polynomials over OP1 graded aording to
the weights (1, 1, 2, 3), and a sheaf of prinipal ideals IV in it suh that
V = Proj
P1
AV = Proj P1 OP1[x, y, z, w]/IV ⊂ PP1(1, 1, 2, 3),
where PP1(1, 1, 2, 3) = Proj P1 OP1 [x, y, z, w]. In other words, V/P
1
is
defined by a (weighted) homogeneous polynomial (with oeffiients in
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OP1) in the orresponding weighted projetive spae over P
1
. Note that
PP1(1, 1, 2, 3) has two distinguished setions along whih it is singular,
so V does not interset these setions.
Now let us onstrut the seond model of V/P1. All details and
proofs an be found in [9℄, setion 2.
In what follows, we assume that
Pic(V ) = Z[−KV ]⊕ Z[F ],
where F denotes the lass of a fiber. Notie that V/P1 has a distin-
guished setion sb that intersets eah fiber at the base point of the
antianonial linear system. We an also define it as
sb = Bas | −KV + lF |
for all l ≫ 0. Then, ρ∗(−2KV +mF ) is a vetor bundle of rank 4 over
P1. We an hoose m suh that
E = ρ∗(−2KV +mF ) ≃ O ⊕O(n1)⊕O(n2)⊕O(n3)
for some 0 ≤ n1 ≤ n2 ≤ n3. Denote
b = n1 + n2 + n3.
LetX = Proj E be the orresponding P3-fibration over P1, pi : X → P1
the natural projetion. Denote M the lass of the tautologial bundle
on X (i.e., pi∗O(M) = E), L the lass of a fiber of pi, t0 the lass of a
setion that orresponds to the surjetion E → O → 0, and l the lass
of a line in a fiber of pi. Note that t0 is nothing but a minimally twisted
over the base effetive irreduible setion of pi. Also t0 an be obtained
from the onditions M ◦ t0 = 0, L ◦ t0 = 1. So, we have desribed all
generators of the groups of 1- and 3-dimensional yles on X .
Again, looking at proposition 3.1, we see that there exist a threefold
Q ⊂ X fibered into quadrati ones (without degenerations) with a
setion tb as the line of the one verties, a divisor R fibered into ubi
surfaes and suh that its restrition RQ = R|Q does not interset tb,
and a finite morphism ϕ : V → Q of degree 2 branhed over RQ, suh
that the following diagram beomes ommutative:
V
ϕ
−−−−→
RQ,2:1
Q ⊂ X
ρ
y
ypi=pi|Q
P1 P1
In order to make preise the onstrution, suppose tb ∼ t0 + εl. Obvi-
ously, ε is some non-negative integer number.
Lemma 3.2 ([9℄, lemma 2.2). The only following ases are possible:
1) ε = 0, i.e., tb = t0, and then 2n2 = n1+n3, n1 and n3 are even,
Q ∼ 2M − 2n2L, and R ∼ 3M ;
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2) ε = n1 > 0, and then n3 = 2n2, n1 is even, n2 ≥ 3n1, Q ∼
2M − 2n2L, and R ∼ 3M − 3n1L.
This lemma shows that the numbers n1, n2, and n3 ompletely define
the onstrution of V/P1 (but up to moduli, of ourse). Note that these
numbers are not free from relations.
By the way, we an always assume b > 0, i.e., n3 > 0. Indeed,
otherwise Q ∼ 2M and ε = 0, so V is nothing but the diret produt
of P1 and a del Pezzo surfae, hene V is rational and, moreover, not a
Mori fibration, beause ρ(V/P1) oinide with the Pikard number of
the del Pezzo surfae in this ase and thus greater than 1.
It only remains to onsider some formulae and relations that allow
to identify V/P1 more or less easy. First, let us note that a surfae
G ∼ (M −n2L)◦ (M −n3L) must lie in Q. This is a minimally twisted
over the the base ruled surfae on Q. Denote GV = ϕ
∗(G) its pre-image
on V . Geometrially, GV is a minimally twisted fibration on urves of
genus 1 on V . Then, t0 lies always on Q, the fibers of Q ontain lines of
the lass l, so the lasses s0 =
1
2
ϕ∗(t0) and f =
1
2
ϕ∗(l) are well defined.
Note that f is the lass of the antianonial urves in the fibers of V ,
and s0 always has an effetive representative in 1-yles on V . By the
way, it is easy to see that the Mori one is generated by s0 and f :
NE(V ) = R+[s0]⊕ R+[f ].
It is not very diffiult to ompute the normal bundle of sb:
Nsb|V ≃ O(−
1
2
n1)⊕O(−
1
2
n3), if ε = 0,
Nsb|V ≃ O(n1 −
1
2
n3)⊕O(n1), if ε = n1 > 0.
So, in fat, we see that V/P1 is ompletely defined (again, up to moduli)
by Nsb|V .
The following table ontains the essential information about divisors
and intersetion indies on V :
ε = 0 ε = n1 > 0
n1 + n3 = 2n2 n3 = 2n2, n2 ≥ 3n1
sb ∼ s0 sb ∼ s0 +
1
2
f
Nsb|V ≃ O(−
1
2
n1)⊕O(−
1
2
n3) Nsb|V ≃ O(n1 −
1
2
n3)⊕O(n1)
KV = −GV + (
1
2
n1 − 2)F KV = −GV − (
1
2
n1 + 2)F
K2V = s0 + (4− n2)f K
2
V = s0 + (4 +
3
2
n1 − n2)f
s0 ◦GV = −
1
2
n3 s0 ◦GV = −
1
2
n3
(−KV )3 = 6− 2n2 (−KV )3 = 6 + 2n1 − 2n2
Remark 3.3. The arguments still work if we assume V to be only
Gorenstein, not neessary non-singular. The only point is that we must
require all fibers to be redued. Indeed, all we need is the statement of
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proposition 3.1. It easy to see that in the Gorenstein ase all fibers of
V/P1 are irreduible (and redued by the requirement), so we are still
under the onditions even if V is singular. In partiular, we have the
same projetive models as above, the same formulae, and so on.
3.3. Models of fibrations on del Pezzo surfaes of degree 2. Let
ρ : V → P1 be a non-singular fibration on del Pezzo surfaes of degree
2. As in the ase d = 1, onsider the diret image of the antianonial
algebra
AV =
⊕
i≥0
ρ∗OV (−iKV ).
This is a sheaf of graded algebras over OP1, and V = Proj P1 AV .
As before, we see that there exist a polynomial algebra OP1 [x, y, z, w]
graded with the weights (1, 1, 1, 2), and a sheaf of prinipal ideals IV
in it suh that
V = Proj
P1
AV = Proj P1 OP1[x, y, z, w]/IV ⊂ PP1(1, 1, 1, 2).
Clearly, IV is generated by a (weighted) homogeneous element of de-
gree 4, and V ⊂ PP1(1, 1, 1, 2) avoids a setion along whih PP1(1, 1, 1, 2)
is singular.
The seond model is obtained by taking a double over. We suppose
Pic(V ) = Z[−KV ]⊕ Z[F ]. Consider
E = ρ∗OV (−KV +mF ),
this is a vetor bundle of rank 3 over P1. We may hoose m suh that
E ≃ O ⊕O(n1)⊕O(n2),
where 0 ≤ n1 ≤ n2. Denote b = n1 + n2.
We have the natural projetion pi : X = Proj
P1
E → P1. Let
M denote the lass of the tautologial bundle, pi∗O(M) = E , L the
lass of a fiber of pi, l the lass of a line in a fiber, and t0 the setion
orresponding to the surjetion E → O → 0, t0 ◦M = 0. The following
diagram is ommutative:
V
ϕ
−−−→
R,2:1
X
ρ
y
ypi
P1 P1
Here ϕ is a finite morphism of degree 2 branhed over a divisor R ⊂ X .
R is fibered into quarti urves over P1, and we may suppose
R ∼ 4M + 2aL.
The set (n1, n2, a) defines V/P
1
up to moduli: different sets orresponds
to different varieties. While n1 and n2 an be arbitrary hosen, a should
meet some lower estimation: a an not be muh less than n1, otherwise
R does not exist.
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Let us denote H = ϕ∗(M), s0 =
1
2
ϕ∗(t0), f =
1
2
ϕ∗(l); learly, F =
ϕ∗(L). As in the ase d = 1, the divisor
GV ∼ H − n2F = (−KV ) + (a + n1 − 2)F
plays an important role in geometry of V . This is a minimally twisted
fibration into urves of genus 1 in V . Then, it is lear that
NE(V ) = R+[s0]⊕ R+[f ],
but now s0 may not orrespond to an effetive 1-yle on V . The table
below summarize the essential formulae on V (see [9℄, setion 3.1):
KV = −H + (a+ b− 2)F
K2V = 2s0 + (8− 4a− 2b)f
(−KV )3 = 12− 6a− 4b
Remark 3.4. We see again that all arguments and formulae work
in the Gorenstein ase if we keep the assumption of non-reduity for
fibers, so we may omit the non-singularity assumption. The unique
differene with the ase d = 1 is that Gorenstein singular V/P1 may
have reduible fibers. Suh fibers arise from twie overing of a plane
with a double oni as the ramifiation divisor, so the both desribed
models are still suitable.
4. Fiber-to-fiber transformations
This setion is devoted to desribing some speial transformations
of del Pezzo fibrations. The birational lassifiation problem formu-
lated in the bottom of setion 1, is related to finding the set of all
Mori strutures. In other words, we study birational maps modulo
birational transformations over the base. From the viewpoint of the
Sarkisov program, we only need links of type I, III, and IV, i.e., only
that do hange the Mori struture. So links of type II, whih does not
hange the struture of a fibration, are out of view at least for the first
look. Nevertheless, it is the type of the Sarkisov links that is espeially
important in majority of questions related to the birational lassifi-
ation problem, even if we only interested in studying different Mori
strutures. The point is that proeeding with the maximal singularities
method or, more general, the Sarkisov program and jumping from one
Mori struture to another, we have to know when we should stop. So,
what we really need is a riterion or at least strong enough suffiient
onditions for a birational map to be over the base, i.e., fiber-to-fiber.
These onditions are known (see [6℄, theorem 4.2(i)), but the really
hard thing is to prove they are satisfied. Readers who handled any
of various papers on the maximal singularities method, may remember
words like "exluding infinitely near singularities", this is exatly about
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the problem. Birational rigidity and birational automorphisms are im-
portant partiular questions that are diretly related to fiber-to-fiber
transformations. Thus, it is worth to know as muh as possible about
this type of transformations, and this setion gives some information
about that.
Let V/C be a Mori fibration on del Pezzo surfaes of degree 1 or
2 over a urve C, and χ : V 99K U a birational map onto another
Mori fibration U/C that is birational over the base, i.e., we have the
following ommutative diagram:
V
χ
99K U
↓ ↓
C
≃
−→ C
Taking the speialization at the generi point η of C, we see that χ
indues a birational map
χη : Vη 99K Uη.
As it follows from [16℄, theorem 2.6, χη is an isomorphism if d = K
2
Vη
=
1, or deomposed into the so-alled Bertini involutions if d = 2. Let us
onsider the last ase in detail.
Bertini involutions an be onstruted as follows. Let A ∈ Vη be
a rational point, i.e., defined over the field of funtions of C. There
exists a morphism ϕ of degree 2 onto a plane (proposition 3.1) branhed
over a (non-singular) quarti urve. Clearly ϕ defines an involution
τ ∈ Aut(V ) of Vη that transposes the sheets of the over. Suppose ϕ(A)
does not lie on the ramifiation divisor, then there exists a point A∗ ∈
Vη whih is onjugated to A by means of τ : τ(A) = A
∗
. Clearly, A 6=
A∗. Take a penil of lines on the plane through ϕ(A). On Vη it beomes
a penil of ellipti urves (with degenerations) with exatly two base
points: A and A∗. Let us blow up these points with exeptional divisors
e and e∗ lying over A and A∗ respetively. We obtain an ellipti surfae
S with 2 distinguished setions e and e∗. So, we have two (biregular)
involutions µA and µA∗ on S defined by these setions. Indeed, the
speialization of S at the generi point of e (or e∗, whih is the same)
gives us an ellipti urve with 2 points O and O∗ that orresponds to e
and e∗. Eah of this points an be viewed as the zero element from the
viewpoint of the group law on ellipti urves, thus we get two refletion
µ′A and µ
′
A∗ defined as follows: for any point B
B + µ′A(B) ∼ 2O
∗,
B + µ′A∗(B) ∼ 2O.
(just in this order: µ′A is related to O
∗
, µ′A∗ to O). These refletions
give the biregular involutions µA and µA∗ on S (note that S is rela-
tively minimal, so any fiber-wise birational map is atually biregular).
Finally, we blow down e and e∗, and then µA and µA∗ beome the de-
sired Bertini involutions. Another way to desribe µA is the following.
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Blow up A∗, and you get a del Pezzo surfae of degree 1. Its natural
involution defined by the double over of a one (see proposition 3.1)
beomes birational on Vη, and this is just our µA.
Thus, referring to the ase d = 2, theorem 2.6 of [16℄ says: Vη is
biregularly isomorphi to Uη, so we an view χη as a birational au-
tomorphism of Vη, and then there exists a finite set of points I =
{A1, A2, . . . , An} on Vη suh that
χη = µA1 ◦ µA2 ◦ . . . ◦ µAn ◦ ψ,
where ψ ∈ Aut(Vη). Now ψ defines a fiber-wise birational transforma-
tion of V/P1, hene applying it to the situation, we get the ase similar
to degree 1, i.e., when we have an isomorphism of the fibers over the
generi point.
Thus, whether d = 1 or d = 2, the piture an be redued to the
following ase: we have the ommutative diagram
(4.1)
V
χ
99K U
↓ ↓
C
≃
−→ C
where χη is an isomorphism of Vη and Uη:
χη : Vη
≃
−→ Uη.
Now it is lear that if we throw out a finite number of points on C,
say, P1, P2, . . . , Pk, then χ gives an isomorphism of V and U over C \
{P1, P2, . . . , Pk}. In its turn, χ an be deomposed as
V
χ1
99K V1
χ2
99K V2
χ3
99K · · ·
χk−1
99K Vk−1
χk
99K U
↓ ↓ ↓ ↓ ↓
C
≃
−→ C
≃
−→ C
≃
−→ · · ·
≃
−→ C
≃
−→ C
where χi is an isomorphisms over C \ {Pi}. In order to distinguish
suh birational transformations from transformations like Bertini in-
volution, we will all them fiber transformations. We may be natu-
rally asked whether they are possible. In order to larify the question,
let us onsider 2-dimensional situation. First, for any ruled surfae,
as an example of a fiber transformation we an take any elementary
transformation of a fiber: blow up a point in a fiber and then ontrat
the strit transform of the fiber, whih is a (−1)-urve. Note that the
exeptional divisor takes plae of the original fiber. Obviously, suh a
transformation is not an isomorphism, though it gives an isomorphism
of the fibers over the generi point of the base. On the other hand,
onsider any two relatively minimal ellipti surfaes that are birational
over the base. It is very well known that suh a birational map is atu-
ally an isomorphism. This is true for any relatively minimal (i.e., there
are no (−1)-urves in fibers) fibrations into urves of positive genus.
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What about del Pezzo fibrations? On the one hand, they are fibered
into rational surfaes, and we may expet they behave like ruled sur-
faes. On the other hand, as it follows from results of the next two
setions, their essential birational properties are far away from rational
varieties, moreover, in many senses they behave like ellipti fibrations.
In fat, the very situation is a bit more ompliated.
The rest of this setion is ontained in [11℄, setion 4 (as to the ase
d = 1), or [12℄ (the ase d = 2). Let us first onsider the ase d = 1.
So, we have the ommutative diagram (4.1), χ is an isomorphism of
the fibers over the generi points. The situation an be easy redued
to the following ase. We assume C to be a germ of a urve with the
entral point O, V and U Gorenstein relatively projetive varieties over
C fibered into del Pezzo surfaes of degree 1, their entral fibers (i.e.,
over the point O) V0 and U0 redued. Algebraially, all that means the
following. Let O be a DVR (disrete valuation ring) with the maximal
ideal m = (t)O, where t is a loal parameter, V and U non-singular del
Pezzo surfaes of degree 1 defined over O. If needed, we may take the
ompletion of O. Then, let K be the field of quotients, C = Spec O,
η = Spec K the generi point of C. Using proposition 3.1, we may
suppose that V and U are embedded into two opies P and R of the
weighted projetive spae PO(1, 1, 2, 3) respetively. Denote [x, y, z, w]
and [p, q, r, s] the oordinates in P and R with the weights (1,1,2,3).
By the ondition, χη : Vη → Uη is an isomorphism. The key point
is that χη indues an isomorphism between Pη and Rη. It follows
easy from the Kodaira vanishing theorem and the exat sequene of
restrition for ideals that define Vη and Uη as surfaes in Pη and Rη
respetively (see subsetion 4.1, [11℄).
Then, we may hoose the oordinates in P and R suh that
(4.2)
V = {w2 + z3 + zf4(x, y) + f6(x, y) = 0} ⊂ P,
U = {s2 + r3 + rg4(p, q) + g6(p, q) = 0} ⊂ R,
where fi and gi are homogeneous polynomials of degree i. Sine χη is
an isomorphism of Pη and Rη, it is easy seen that χ and χ
−1
an be
defined as follows:
χ =


p = tax
q = tby
r = tcz
s = tdw


, χ−1 =


x = tαp
y = tβq
z = tγr
w = tδs


,
where eah of the sets (a, b, c, d) and (α, β, γ, δ) ontains at least one
zero. Then, all these numbers have to respet the graduation of P and
R, and, moreover, we know that V and U avoid singular points of P
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and R, so for some integer m > 0 the following onditions are satisfied:

a+ α = m
b+ β = m
c + γ = 2m
d+ δ = 3m
2d = 3c
2δ = 3γ
Using the symmetry of the situation, we may assume that c = 2k,
d = 3k, γ = 2l, δ = 3l with the onditions k + l = m and k ≤ l (i.e.,
k ≤ 1
2
m). Now substituting these relations for the numbers in (4.2),
we obtain
(4.3)
f4(x, y) = t
−4kg4(t
ax, tby),
f6(x, y) = t
−6kg6(t
ax, tby).
Suppose k = 0. Sine the set (a, b, c, d) is not omposed from zeros only
(otherwise χ is already an isomorphism), then one of the numbers a
and b must be positive. Let it be a. Then (4.3) shows that the equation
w2 + z3 + zf4(x, y) + f6(x, y) = 0
defines a singularity of V at the point (t, x, y, z) = (0, 1, 0, 0, 0): take
an affine piee x 6= 0 (i.e., divide the equation by x6) and hek that
the differentials vanish at the indiated point.
Now let k > 0. Sine the set (a, b, c, d) have to ontain at least
one zero, we may assume a = 0. Then α = m. Sine l ≥ k > 0,
α = m > 0, and the set (α, β, γ, δ) ontains zero, we must suppose
β = 0. So b = m− β = m. Thus
f4(x, y) = t
−4kg4(x, t
my),
f6(x, y) = t
−6kg6(x, t
my).
It only remains to take into aount that k ≤ 1
2
m and fi ∈ O[x, y, z, w],
and we see that the equation for V defines a singular point at
(t, x, y, z, w) = (0, 0, 1, 0, 0).
So we get the following assertion: V must be singular if χ is not an
isomorphism!
As to the ase d = 2 ([12℄), we an repeat the previous arguments
with the only differene that P and R have the type PO(1, 1, 1, 2), and
V and U are defined by
V = {w2 + f4(x, y, z) = 0} ⊂ P,
U = {s2 + g4(p, q, r) = 0} ⊂ R.
Then χ and χ−1 have the form
χ =


p = tax
q = tby
r = tcz
s = tdw


, χ−1 =


x = tαp
y = tβq
z = tγr
w = tδs


,
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with the relation
m = a + α = b+ β = c+ γ =
1
2
(d+ δ)
for some m > 0. Again, (a, b, c, d) and (α, β, γ, δ) are not onsisted of
only zeros, so by the symmetry we may assume γ = 0 (thus c = m)
and d ≥ 1
2
m. Finally, the relation
f4(x, y, z) = t
−2dg4(t
ax, tby, tmz) ∈ O[x, y, z]
shows that the equation
w2 + f4(x, y, z) = 0
defines a singular point at
(t, x, y, z, w) = (0, 0, 0, 1, 0),
so V is always singular if χ is not an isomorphism.
These results an be summarized as follows:
Theorem 4.1 (Uniqueness of a smooth model). Let V/C and U/C be
non-singular Mori fibrations on del Pezzo surfaes of degree 1 or 2 that
are birational over the base by means of χ:
V
χ
99K U
↓ ↓
C
≃
−→ C
Then V and U are always isomorphi, and χ is an isomorphism if
d = 1, or a omposition of Bertini's involutions if d = 2. In other
words, any fiber transformation is trivial in this ase.
Remark 4.2. The similar result was proved for d ≤ 4 in [24℄ using
Shokurov's omplements and onnetedness priniple. The differene
is that Park's result requires V and U to have non-degenerated entral
fibers. In our ase, we assume nothing about them.
So, the reader an see that though V/C is fibered into rational sur-
faes, it behaves like ellipti fibrations in dimension 2: there are no
non-trivial fiber transformations without loss of smoothness. Now it is
time to give some examples.
Example 4.3 ("smooth ase"). In these examples U is non-singular.
First let d = 1. Suppose (a, b, c, d) = (0, 6, 2, 3) and (α, β, γ, δ) =
(6, 0, 10, 15), V and U are defined by
V : w2 + z3 + x5y + t24xy5 = 0, U : s2 + r3 + p5q + pq5 = 0.
It is easy to hek that U is non-singular, V has a singular point of
type cE8 (the so-alled ompound E8-singularity) at (t, x, y, z, w) =
(0, 0, 1, 0, 0). Note that the entral fiber V0 has a unique singular point
of type E8, U0 is non-singular.
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The ase d = 2: suppose (a, b, c, d) = (1, 4, 0, 2), (α, β, γ, δ) =
(3, 0, 4, 6), V and U are given by
V : w2 + yz3 + tx4 + t12y4 = 0, U : s2 + qr3 + tp4 + q4 = 0.
Again, U is non-singular, V has cE8-singularity at (t, x, y, z, w) =
(0, 0, 1, 0, 0). The entral fiber V0 is a non-normal del Pezzo surfae
(the double over of a one branhed over a triple plane setion), U0
has an ellipti singularity.
Example 4.4 ("birational automorphism"). The ase d = 1: suppose
(a, b, c, d) = (1, 0, 2, 3), (α, β, γ, δ) = (0, 2, 2, 3), and
V : w2 + z3 + t4x5y + xy5 = 0, U : s2 + r3 + p5q + t4pq5 = 0.
V and U have cE8 singularity in the entral fibers. Note that V and
U are biregularly isomorphi: put w = s, z = r, x = q, and y = p. So
we an assume χ to be defined as follows:
x→ t−1y, y → tx, z → z, w → w.
Thus, χ gives an example of a fiber transformation that is a birational
automorphism.
The degree 2: assume (a, b, c, d) = (1, 2, 0, 2), (α, β, γ, δ) = (1, 0, 2, 2),
V and U are given by
V : w2 + t2y3z + yz3 + x4 = 0, U : s2 + q3r + t2qr3 + p4 = 0.
V and U have cD4-singularity. As before, they beome isomorphi if
you put p = x, q = y, r = z, s = w. So χ is a fiber transformation
that is a birational automorphism.
5. Mori strutures on del Pezzo fibrations: the ase
d = 1
In this setion we formulate known results on the rigidity of fibra-
tions on del Pezzo surfaes of degree 1 and desribe Mori strutures
for non-rigid ases. We use the projetive model via twie overing
desribed in subsetion 3.2.
Theorem 5.1 ([9℄, theorem 2.6). Let V/P1 be a non-singular Mori
fibration on del Pezzo surfaes of degree 1. Then V/P1 is birationally
rigid exept for two ases:
1) ε = 0, n1 = n2 = n3 = 2;
2) ε = 0, n1 = 0, n2 = 1, n3 = 2.
In other words, onjeture 2.5 holds for d = 1. Moreover, if V/P1 is
rigid, then this is a unique non-singular Mori fibration in its lass of
birational equivaleny, as it follows from theorem 4.1.
Remark 5.2. It easy to hek that linear systems |n(−KV ) − F | are
non-empty and free from base omponents exatly for the listed ases.
Indeed, note that |n(−KV ) − F | is non-empty and base omponents
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free if and only if | −KV − F | has the same property (take the diret
images of antianonial linear systems), and then use the projetive
model. The ase when V/P1 met the K2-ondition was first proved in
[27℄.
So, the only two ases are non-rigid. Let us onsider them in detail.
5.1. The ase (ε, n1, n2, n3) = (0, 2, 2, 2). First, let us note that the
distinguished setion sb has the lass s0, and this is a unique setion
with suh a lass of equivaleny. Then, Nsb|V ∼ O(−1)⊕O(−1), so at
least loally there exists a flop entered at sb. In fat, this flop leaves
us in the projetive ategory: it is enough to hek that the linear
system n(−KV ) gives a birational morphism that ontrats exatly sb.
Thus, let ψ : V 99K U be suh a flop. Consider the linear system
D = | −KV − F | and its strit transform DU = ψ−1∗ D on U . It is easy
to see that BasD = sb and a general member of D is nothing but a
del Pezzo surfae of degree 1 that is blown up at the base point of the
antianonial linear system. Moreover, dimD = 1, BasDU = ∅, and
DU is a penil of del Pezzo surfaes of degree 1. Thus, U is fibered over
P1 onto del Pezzo surfaes of degree 1, so
V
ψ
99K U
↓ ↓
P1 P1
is a link of type IV. It only remains to ompute that the projetive
model of U/P1 (as a double over) has the same struture onstants
(ε, n1, n2, n3) as V/P
1
. We are ready to formulate the following result:
Proposition 5.3 ([9℄, proposition 2.12). Let V/P1 be a non-singular
Mori fibration on del Pezzo surfaes of degree 1 with the set of struture
onstants (ε, n1, n2, n3) = (0, 2, 2, 2). Then any other Mori fibration
that is birational to V , is birational over the base either to V/P1 itself,
or to U/P1. V/P1 and U/P1 are the only non-singular Mori fibrations
in their lass of birational equivaleny. In general ase, Bir(V ) =
Aut(V ) ≃ Z2 and generated by an automorphism orresponding to the
double over.
Remark 5.4. It may happen that V and U are isomorphi to eah
other (note they have the same set of struture onstants). In this ase
ψ ∈ Bir(V ) and Bir(V ) ≃ Z2 ⊕ Z2.
5.2. The ase (ε, n1, n2, n3) = (0, 0, 1, 2), or a double one over
the Veronese surfae. Let T ⊂ P5 be the Veronese surfae (i.e., P2
embedded into P5 by means of the omplete linear system of onis),
Q ⊂ P6 a one over T with the vertex P , and R ⊂ P6 a ubi hyper-
surfae suh that P 6∈ R and RQ = R ∩Q is non-singular. Then there
exists a degree 2 finite morphism µ : U → Q branhed over RQ. The
variety U (the so-alled double one over the Veronese surfae) is a
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well-known Fano variety of index 2 with ρ(U) = 1 and (−KV )3 = 8
(see the lassifiation of Fano 3-folds, e.g., [18℄). Then, U ontains a
two-dimensional family S of ellipti urves parametrized by T . These
urves lie over the rulings of Q. S has one-dimensional sub-family of
degenerations onsisting of rational urves with either a node or a usp.
Let l ∈ S be non-singular, and ψl : Vl → U the blow-up of l. Then
it is easy to see that Vl is a non-singular Mori fibration on del Pezzo
surfaes of degree 1 with (ε, n1, n2, n3) = (0, 0, 1, 2). Conversely, take
a del Pezzo fibration V/P1 with this set of struture onstants. The
linear system | − KV − 2F | onsists of one element GV whih is the
diret produt of P1 and an ellipti urve ([9℄, lemma 2.9). Then the
linear system |3(−KV )−3F | defines a birational morphism ψ : V → U
that ontrats GV along the rulings.
But what if l ∈ S is singular? First, suppose l is a rational urve
with an ordinary double point B. Let ψ1 : U1 → U be the blow-up
of B and E1 ∼ P2 the exeptional divisor. Note that l1 (the strit
transform of l) intersets E1 at two points, and denote t1 the line on
E1 that ontains these points. Now, blow up l
1
: ψ2 : U2 → U1. It is
easy to hek that the strit transform t21 of t1 on U2 has the normal
bundle isomorphi to O(−1) ⊕ O(−1), and we may produe a flop
ψ3 : U2 99K U3 entered at t
2
1, without loss of projetivity. The strit
transform E31 of E1 on U3 beomes isomorphi to a non-singular quadri
surfae with the normal bundle O(−1), so E31 an be ontrated to an
ordinary double point: ψ4 : U3 → U4 = Vl. We have the birational
map ψl = (ψ4 ◦ψ3◦ψ2 ◦ψ1)−1 : Vl 99K U , and the reader an easy hek
that Vl is a Gorenstein Mori fibration (over P
1
) on del Pezzo surfaes of
degree 1 with a unique ordinary double point, and it has the struture
set (ε, n1, n2, n3) = (0, 0, 1, 2) (note that the onstrutions in setion 3
work in the Gorenstein ase as well, see remark 3.3).
The ase when l has a usp at a point B ∈ U is similar to the
previous but a bit more ompliated. As before, let ψ1 : U1 → U be
the blow-up of B. We see that l1 beomes non-singular and tangent to
E1 at some point B1 ∈ E1. The tangent diretion to l1 at B1 defines a
line t1 ⊂ E1. Now take the blow-up ψ2 : U2 → U1 of the urve l1. The
strit transform E21 of E1 beomes isomorphi to a quadrati one that
is blown up at a point outside of the vertex of the one. Moreover, the
strit transform t21 is exatly a unique (−1)-urve on E
2
1 and has the
normal bundle O(−1) ⊕ O(−1). All that an be heked as follows:
blow up the point B1 with an exeptional divisor E2, then blow up
the strit transform of l1. The strit transform of E2 is isomorphi to
F1-surfae and an be ontrated along its ruling. After that you get
U2. So, now we produe a flop ψ3 : U2 99K U3 entered at l
2
1. The
strit transform E31 of E
2
1 is isomorphi to a quadrati one with the
normal bundle O(−1), hene it an be ontrated ψ4 : U3 → U4 = Vl
to a double point loally defined by the equation x2+y2+ z2+w3 = 0.
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We see that Vl is a Gorenstein Mori fibration over P
1
on del Pezzo
surfaes of degree 1 with a unique singular point, and moreover, Vl has
the same struture set (ε, n1, n2, n3) = (0, 0, 1, 2) as before. Note that
fibers of Vl/P
1
are arised from elements of the penil |1
2
(−KV )− l| on
U .
About twenty years ago, S.Khashin ([19℄) tried to show the non-
rationality of U by proving the uniqueness of the struture of a Fano
variety on it. Unfortunately, his arguments ontain mistakes, and
up to now we have no a reliable proof of the non-rationality of U .
Nevertheless, the following onjeture seems to be true:
Conjeture 5.5. U has exatly the following Mori strutures: U it-
self, and Vl/P
1
for all l ∈ S (thus, "two-dimensional family" of different
del Pezzo fibrations). In partiular, U is not rational (it has no oni
bundles).
Thus, it only remains to prove this onjeture, and the birational
identifiation problem for non-singular Mori fibrations on del Pezzo
surfaes of degree 1 will be ompleted.
6. Mori strutures on del Pezzo fibrations: the ase
d = 2
We first formulate the result and then desribe the non-rigid ases.
The struture onstants (a, n1, n2) are taken from subsetion 3.3. Re-
all b = n1 + n2.
Theorem 6.1 ([9℄, [10℄). Let V/P1 be a non-singular Mori fibration
on del Pezzo surfaes of degree 2. Then b+ 2a > 0, and if b+ 2a > 2,
V/P1 is birationally rigid.
Suppose b+ 2a = 2. Then the only following ases are possible:
1) a = 0, n1 = 0, n2 = 2;
2) a = −2, n1 = 2, n2 = 4;
3) a = −3, n1 = 2, n2 = 6;
4) a = 1, n1 = 0, n2 = 0;
5) a = 0, n1 = 1, n2 = 1;
6) a = −1, n1 = 2, n2 = 2.
General varieties in the ases 1)3) are rigid. The ases 4)6) are all
non-rigid.
Suppose b+ 2a = 1, then the only following ases are possible:
7) a = 0, n1 = 0, n2 = 1;
8) a = −1, n1 = 1, n2 = 2.
Both of them are non-rigid.
So, under the assumption of generality for the ases 1)3), onje-
ture 2.5 holds for d = 2, and if V/P1 is rigid, then this is a unique
non-singular Mori fibration in its lass of birational equivaleny (the-
orem 4.1).
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Remark 6.2. The K2-ondition orresponds to the ase b + 2a ≥ 4,
and the result was first obtained by A.Pukhlikov ([27℄). The reader has
not to be onfused with the generality assumptions in the ases 1)3)
(see [10℄), they arised from some tehnial troubles of the maximal
singularities method. The author believes they an be omitted finally.
6.1. The ase (a, n1, n2) = (1, 0, 0). In this ase X ≃ P1 × P2, so V
is nothing but a double over of P1 × P2 branhed over a divisor R
of bi-degree (2, 4). Thus, V is a del Pezzo fibration with respet to
the projetion onto P1. On the other hand, the projetion onto P2
represents V as a oni bundle. Indeed, a fiber of V → P2 is a double
over of a line branhed over 2 points, hene either a oni, or a ouple
of lines, or a double line. It is easy to see that the disriminant urve
of V → P2 has the degree 8. So, V has at least two different Mori
strutures. Note that P1 ← V → P2 is a trivial example of type IV
links.
6.2. The ase (a, n1, n2) = (0, 1, 1), or a double quadrati one.
In this ase the linear system | − 2KV | gives a small ontration onto
the anonial model of V , whih an be realized as double overing of
a non-degenerated quadrati one Q ⊂ P4 branhed along a quarti
setion RQ. It easy to see that V has at most two urves of the lass
s0. If a urve of the lass s0 is unique on V (this means that RQ
ontains the vertex of Q), then s0 is the so-alled -2-urve of the width
2 (in the notions of [29℄). Otherwise (if RQ does not pass through the
vertex of Q), there are two urves of the lass s0, whih are disjoint and
have the normal bundles O(−1)⊕O(−1). In both the ases we obtain
another struture of a non-singular Mori fibration on del Pezzo surfaes
of degree 2 after making a flop entered at these urves. Moreover, the
seond struture has the same set (a, n1, n2). Note that both the Mori
strutures arise from two families (atually, two penils) of planes on
Q.
If RQ does not pass through the vertex of the one, it was proved
that a general variety of this type has exatly two Mori strutures just
desribed ([13℄). Atually, it should be true always, not only for general
ases, and even if RQ did pass through the vertex of the one, but the
proof of this fat is still waiting for its time.
6.3. The ase (a, n1, n2) = (−1, 2, 3). First, let us note that V has a
unique urve of the lass s0 (say, C), and it an be ontrated (small
ontration) by the linear system |nH| for n ≥ 2. The normal bundle of
this urve is isomorphi to O(−1)⊕O(−2), hene there exists an anti-
flip ψ : V 99K U entered at C (this is the simplest example of anti-flip,
the so-alled Frania's anti-flip: blow up C, make a flop entered at the
minimal setion of the orresponding ruled surfae, and then ontrat
the strit transform of the exeptional divisor, whih is P2 with the
normal bundleO(−2)). U has a unique (non-Gorenstein) singular point
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of index 2 (the latter means that 2KU is a Cartier divisor). Moreover,
U turns out to be a Mori fibration over P1 on del Pezzo surfaes of
degree 1. It is not very diffiult to hek that general elements of the
penil |−KV −F | are del Pezzo surfaes of degree 1 that are blown up
at the base point of the antianonial linear system, and C is exatly
their ommon (−1)-urve. Thus, ψ make them to be the fibers of U/P1.
Conjeturally, V/P1 and U/P1 are the only Mori strutures in this ase.
6.4. The ase (a, n1, n2) = (0, 0, 1), or a double spae of index 2.
This ase is similar to a double one over the Veronese surfae. Let
U be a double over of P3 branhed over a smooth quarti. This is a
well known Fano variety of index 2, the so-alled double spae of index
2. Denote HU the generator of the Pikard group, Pic(U) = Z[HU ].
Clearly, KU ∼ −2HU . Let l ⊂ U be a urve of genus 1 and degree 2
(i.e., H ◦ l = 2), so l is a double over of a line in P3 branhed at four
points. Then l is either a (non-singular) ellipti urve, or a rational
urve with a double point (node or usp), or a ouple of lines with two
points of intersetion (probably, oinident).
Suppose l is non-singular, and ψl : Vl → U is the blow-up of l. Then
Vl is a non-singular Mori fibration on del Pezzo surfaes of degree 2.
The fibers of Vl/P
1
arise from a penil of planes in P3 that ontain
the image of l. It is not very diffiult to ompute that Vl/P
1
has the
struture set (a, n1, n2) = (0, 0, 1). Conversely, given V/P
1
with suh a
struture set, we an ontrat a unique divisor in | −KV − 2F |, whih
is isomorphi to the diret produt of an ellipti urve and a line, and
get a double spae of index 2.
If l is singular but irreduible, i.e., a rational urve with a node or
a usp, we an also obtain a Gorenstein Mori fibration on del Pezzo
surfaes of degree 2, but now with a singular point of type respetively
x2+y2+z2+w2 = 0 or x2+y2+z2+w3 = 0, "blowing up" the urve l
just in the way as we obtain fibered strutures from a double one over
the Veronese surfae (see the previous setion). Vl/P
1
has the same set
of struture onstants: (a, n1, n2) = (0, 0, 1).
However, U has another type of Mori fibration. Suppose l is a ouple
of lines (say, l = l1 ∪ l2) interseted by two different points. Blow up
one of this line and make a flop entered at the strit transform of
the seond line, and you obtain a struture of a (non-singular) Mori
fibration on ubi surfaes Vl1/P
1
. As before, its fibers arise from a
penil of planes that ontain the image of any of these lines in P3.
The same onstrution works if l onsists of two lines that are tangent
to eah other. Note that we an hange the order of the lines (first
blowing up l2) and get Vl2/P
1
. The point is that Vl1/P
1
is (biregularly)
isomorphi to Vl2/P
1
over the base, and this order hange orresponds
to a birational automorphism (the so-alled Geiser involution, see [16℄).
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So we may denote these fibration on ubi surfaes Vl/P
1
without any
onfusion.
Following to [20℄, we an formulate the following onjeture:
Conjeture 6.3. Let U be a double spae of index 2. Then U has the
following Mori strutures: U itself, and Vl/P
1
for all urves l of degree
2 and genus 1.
In this subsetion it only remains to note that U is known to be
non-rational, as it follows from [33℄.
6.5. The ase (a, n1, n2) = (−1, 1, 2), or a singular double one
over the Veronese surfae. As to this ase, note first that the linear
system |H − 2F | has a unique representative, whih we denote GV .
Then, there is a unique urve of the lass s0 on V , and this urve has
the normal bundle O(−1)⊕O(−1). So we produe a flop (atually, in
the projetive ategory) ψ1 : V 99K V
+
. The strit transform G+V of GV
on V + is isomorphi to either P1×P1 or a quadrati one, and has the
normal bundle O(−1) in both the ases. So there exist a ontration
ψ2 : V
+ → U , whih gives us a Fano variety with a double point of
type x2 + y2 + z2 + w2 = 0 or x2 + y2 + z2 + w3 = 0 respetively. It is
easy to hek that this U an be obtained as a double over of the one
over the Veronese surfae branhed over a ubi setion that does not
pass through the vertex of the one and has a unique du Val point of
type A1 or A2. Conversely, given U with suh a kind of singularity, we
an always obtain a struture of del Pezzo fibration as indiated. Now
it is lear that U an be transformed to a (singular Gorenstein) Mori
fibration on del Pezzo surfaes of degree 1 as in the previous setion.
Conjeturally, these are all Mori strutures on U (i.e., one struture
of Fano variety, one struture of fibration on del Pezzo surfaes of
degree 2, and "2-dimensional family" of strutures of fibrations on del
Pezzo surfaes of degree 1), and hene V is a unique non-singular Mori
fibration in its lass of birational equivaleny.
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